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1. INTRODUCTION 
t distr ibutions are of increasing importance in classical as well as in Bayesian statist ical modeling. 
However, relatively l ittle is known by means of mathematical  properties. These distributions have 
been perhaps unjustly overshadowed--for at least 70 years - -by  the normal distribution. Both t 
and normal are members of the general family of symmetric distributions. However, we feel that 
it would be desirable to focus on these distr ibutions separately for a number of reasons. 
• t distr ibutions are of central importance in statistical inference. 
• Applications of t distributions are a very promising path to take. Classical analysis is 
soundly bend on the normal distr ibution while t distr ibutions offer a more viable alter- 
native with respect to real-world data part icularly because its tails are more realistic. 
Already, we have seen unexpected applications in novel areas such as cluster analysis, 
discriminant analysis, multiple regression, robust projection indices, and missing data 
imputation. 
• t distr ibutions for the past 20 to 30 years have played a crucial role in Bayesian analysis. 
They serve as the most popular prior distr ibution (because l icitation of prior informa- 
tion in various physical, engineering and financial phenomena is closely associated with t 
distributions) and generate meaningful posterior distributions. 
The authors would like to thank the referee and the editor for carefully reading the paper and for their great help 
in improving the paper. 
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The aim of this note is to study convolutions of two independent t random variables. If two 
random variables Xz and X2, are independent, then their convolution is defined to be the random 
variable X = Xz + )(2 with the pdf, 
F fx~+x2 (x) = fx~ (x -y) fX2 (Y) dy. oo  (1) 
Convolutions of random variables have been of interest for over a century (see [1-5] for most 
recent developments). Convolutions and related operations are found in many applications of 
engineering and mathematics. 
• In probability and statistics, convolutions axe used in inference (e.g., test of uniformity can 
be based on convolutions of uniform random variables) and as technical tools for various 
theorems. 
• In optics, many kinds of "blur" are described by convolutions. A shadow (e.g., the shadow 
on the table when you hold your hand between the table and a light source) is the con- 
volution of the shape of the light source that is casting the shadow and the object whose 
shadow is being cast. An out-of-focus photograph is the convolution of the sharp image 
with the blur circle formed by the iris diaphragm. 
• In acoustics, an echo is the convolution of the original sound with a function representing 
the various objects that are reflecting it. 
• In electrical engineering and other disciplines, the output of a (stationary, or time- or 
space-invariant) linear system is the convolution of the input with the system's response 
to an impulse. 
• In physics, wherever there is a linear system with a "superposition" principle, a convolution 
operation makes an appearance. 
• In the area of digital signal or signal or image processing, convolutions are used for the 
description of the response of linear shift-invariant systems, and are used in many filter 
operations. 
• In insurance mathematics, convolutions of distributions appear in particular in the indi- 
vidual risk model as the aggregate claims distribution of an insurance portfolio. 
We believe that the results presented in this note will be of use to both theoreticians and prac- 
titioners. 
Suppose X1 and )(2 are t distributed with degrees of freedom vl and v2, respectively, i.e., 
1 ( x~ -(1+~1)/2 
fz l  (Xl) = v/-~B (vl/2, 1/2) 1 + - -  vl } 
and 
1 ( x~ -(I+~2)/2 
fx2 = ( .2 /2 ,  1/2)  1 + - -  v2 /
for - cx )< xz < c~ and -ec  < x2 < ec. We study the distribution of the convolution X = Xz+X2 
with the pdf (1), i.e., 
fvl, v2(x) =C 1+~ 1 + ~  dr, 
cc /22 
(2) 
where 
C~ 
v/~vz-V-2B (vl/2, 1/2) B (v2/2,1/2)" 
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Figure 1. Convoluted pdfs (2) for (-1, L'2) -- (1, 1), (2, 2), (3, 3), (5, 5), and (10, 10). 
For instructive purposes, we have also shown the shape of the pdf (2) for (~1, u2) -- (1, 1), (2, 2), 
(3, 3), (5, 5), and (10,10), see Figure 1. 
In this note, we derive expressions for the pdfs and associated percentiles of the convolution. 
One can also generate similar expressions for associated properties uch as the cumulative distri- 
bution function, expectation, variance, skewness, and kurtosis. 
2. CONVOLUTIONS 
Closed form expressions for the convoluted pdf, fvl,,2, for odd integer values of ul and v2, can 
be obtained by using standard integration techniques (see Section 3 for an example of illustration). 
The following gives the expressions for ul = 1, 3, 5, 9, u2 --- 1, 3, 5, 9, and ul _< u2, 
fi,1 (x) = 2 / {Tr (x 2 + 4) } (3) / 
fl,3(Z) ~--~ (X2-~ 16+ 10V/3)(X 2 "~-4"~2Vf3) 2 (X 2 2v4--2vf3)4/{71"(4"~8X 2"~x4)4}, 
fi,5 (x)= (488 v:5-t-1048-t-66x2 + 18 v:5x2 + 3x 4) (x 2 +6+ 2V~) a (x 2 -I-6-2V~) ~ 
fl,7 (x) = (5x 6 -t- 176x 4 + 40 V/TX 4 Jr 3452:~ 2 + 1088 V~X 2 -t-48704-t- 18800 V~) 
X (X2 JFB J i -2V / -7 )  4 (X2AFS- -2V/ -7 )  8 /{5OT(36 J rX6 :~2. .~,4)8} ,  
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S1,9 (x) = (933~5392 + 1771520 x2 + 98400x' + 2900= ~ + 3~x ~) (4 + ~2)~ (16 + ~)~ 
/ {~ ~ +~/~ + ~o},  
s~,~ - -~.~/~  +~o//{~/~. + x~/~}, 
f3,7 (x) = 14V~ (45x 6 4- 2610x 4 + 450x4v~v'~ + 109512 x2 4- 24344 V'7x2x/3 
+,,,~,~o + ~,,,.o.z.~) (.. + ~o-,,~,~)~ / {~o~./., +,o.. + 1o/~ }
f3,9 (x) = 6 V~ (35 x s + 2760 x 6 + 1260 V~x 6 + 153360 x4 + 84240 v~x 4 + 5272992 x2 
f5,7 (x) = 56v~ (625 x 6 + 54000 x 4 + 9558 V/TV/-5X 4 + 4567860 X2 + 772032 V~V~X 2 
+~o~,~o + ~o~,~ )  (~ + ~-  ~ ~)  ° 
• ( f5,9 (x) = 8v/5 4375x s + 481250x 6 + 183750 v~x 6 + 41136000x a + 18584784 v~x 4 
-}-}-2433532640 x 2 + 1088230752 v/5x 2 + 137404168960 + 61449014784 v~)  
and 
f7,9 (x) -- 16v/7 (16807 x s -t- 2458624 x 6 + 964200 v~x 6 -}- 344773464 x 4 + 130300416 v~x 4 
+30331506688 x 2 + 11464232544 v/~x 2 + 2524385149552 + 954127902720 v~)  
f99 (x) = (35271936x s + 12335099904x 6 + 1998286184448 x 4 + 207821763182592x 2 
+~o.4~4~o~o~/{~ (~+~o/o} 
We hope these formulas will be useful to both theoreticians and practitioners of the t distribution 
(see Section 1). Expressions for fvl,v2 cannot be obtained in closed form when Vl or v2 is an even 
integer. 
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3. EXAMPLE 
In this section, we illustrate the derivation of fl, l(X) given by (3) and indicate why f~l,.~ 
cannot be reduced to closed forms when vl or v2 is an even integer. Note that for vl = 1 and 
u2 = 1, one can express (2) as 
F f dt f1,1 C 
ff ~ C ~ (1 + i t ) (1 - i t )  {1 + (~- tf} (4) 
C J? dt C / :  dt 
=2 ~(l+it){l+(x_t) 2} +-2 ~(l_it){1,(x_t)2} 
C 
= ~ {5  (x) + z2 (x) + z~ (~) + r~ (~)}, 
where i -~ ~ is the complex number and 11, 12, I3, I4 are the integrals given by 
fo ~ dt 
I1 (x) = (l+it){l+(x_t)2}, 
~o ~ dt 
I2 (x) = (l_it){l+(x+t)2}, 
/3 (~) = 
and 
fo ~ dt 
(1 - i t ){ l+(x - t )2}  ' 
I 4 (x )= (1+it){1 dt+ (x+t) ~}' 
Each of these integrals can be calculated using Lemmas 1 and 2 in the Appendix. For instance, 
using Lemma 1 for m = 1 and n = 1, one can write 
I i (x )= i ( l °g (x  2÷1)+1og( -1 )}  l+xi ~o ~ dt 
2~ (2i  - x)  + • (2i  - x)  1 + (x  - t) 2 (5) 
Using Lemma 2, the integral on the right of (5) can be calculated as 
jr0 °° = - (x) (6) dt arctan 1 + (x - t) 2 
Combining (5) and (6), one obtains 
Ii (x) = i {log (x 2 + i) + log (-i)} (I + xi) arctan (x) 
2x (2i - x)  - x (2i  - x)  (7) 
Similarly, one  can  show that  
I2(x) =- i {1°g (x2 + i) +log(--l)} (xi + I) arctan(x) 
2~ (~-  2i)  + • (2~ - ~) ' (s)  
I3(x) = i{ l°g (x2 + 1) + log  ( -1 )}  (xi-1)arctan(x) 
2x (2i + x) - x (2i + x) ' (9) 
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and 
/4 (x) = i {log (x 2 + 1) + log ( -1 )}  _ (1 - xi) arctan (x) (10) 
2x (2i + x) x (2i + x) 
The result in (3) follows by simplification after substituting (7)-(10) into (4). 
The above approach can be repeated--by appropriate use of Lemmas 1 and 2--to yield ele- 
mentary forms for fv2, ~= for any other odd integer values of Vl and v 2. However, if Vl or v2 is 
an even integer, then the above arguments do not hold. For example, if Vl = 2 and v2 = 2 then, 
F f2,2 (x) = C dt (1+t2/2)  a/2 {1+(x- t )2 /2}  3/2" 
Clearly, neither of the two lemmas in the Appendix can be used to simplify this integral. In fact, 
we were not able to find any integration technique that can used for simplification. 
4. PERCENTILES  
In this section, we provide tabulations of percentage points Xp associated with the convolution 
X ~-- X 1 -~-X 2 
of the independent t random variables. These values are obtained by numerically solving the 
equation, 
/ j~  f ,1 ( x ) dx = P, 
where f~1,,2 (') is given by the explicit expressions in Section 2. The table below provides the 
numerical values ofxp for ul = 1, 3, 5, 9, u2 = 1, 3, 5, 9, and ul _< u2. 
We hope these numbers will be of use to the practitioners mentioned in Section 1. Similar 
tabulations could be easily derived for other odd integer values of ul and us. 
Vl v2 
1 1 
1 3 
1 5 
1 7 
1 9 
3 3 
3 5 
3 7 
3 9 
5 5 
5 7 
5 9 
7 7 
7 9 
9 9 
Table 1. Percentage points of X = X1 4- X2. 
p = 0.6 p = 0.7 p = 0.8 p = 0.9 p=0.95  p = 0.99 
0.6498405 1.453085 2.752765 6.155376 12.62750 63.64107 
0.5371838 1.157162 2.029833 3.889464 7,011791 32.01935 
0.5165525 1.106658 1.921486 3.636771 6.648578 31.87431 
0.508079 1.086262 1.879254 3.549565 6.563888 31.86467 
0.5034857 1.075296 1.856962 3.50697 6.532199 31.861 
0.9280226 1.535397 3.495145 6.306899 0.4419015 2.504243 
2.335334 0.4240723 0.8873146 1.456779 3.193009 5.460299 
0.4167122 0.8707138 1.425526 2.272001 3.087875 5.234605 
0.4127148 0.8617511 1.408862 2.239164 3.035525 5.139545 
0.4066278 0.847915 1.381934 2.177213 2.909695 4.602302 
0.3994063 0.8317916 1.352044 2.117559 2,810089 4.36029 
0.395479 0.8230723 1.336071 2.086528 2.760071 4.251352 
0.3922305 0.8158335 1.322633 2.059127 2.712295 4.113502 
0.3883249 0.8071955 
0.7985962 
1,306898 
1.291279 0.3844289 
2.028689 
1.998525 
2.663039 
2.614125 
4.001353 
3.887447 
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APPENDIX  
The derivations described in Section 3 need the following technical lemmas. 
LEMMA 1. (See [6, equation (2.18.4].) For m > 1 and n >_ 1, 
d__L_z= fl 
zm R n ( m - 1) Azm-  i Rn-  i 
(m+n-2)B  f dx 
(m-"  l)--A zm- lRn  
(m + 2n - 3) c [ dx 
(m- iyX  J zm-~Rn' 
where R = a + bx + cx 2, z -- a + fix, A = a~ 2 - abJ3 + ca ~, and B = bfi - 2ca. 
LEMMA 2. (See [6, equation 3.252.1].) For a > 0 and ac > b 2, 
~000 dx (_1) n-1 0n-1 [ ~  ~ 1  
(ax~ + 2b~ + c) n = ~-~ ac~-i a~ctan 
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